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! bifurcation for Volterra convolution equations
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RACT

In this paper we discuss Hopf bifurcation for nonlinear Volterra
s of convolution type. Starting point is a semiflow associated wit

- and acting on a space of compactly supported forcing functions.
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INTRODUCTION

Mathematical models from population dynamics and

systems of) integral equations of the type
1
x(t) = J B(t)g(x(t-1))dr.
0

ee, for instance, [1,2,4,5,8,10].

In general, one first looks for constant solution
tability character of such a constant solution can be
quation and therefore from the position of the roots
n- the complex plane. Frequently, g and/or B depend on
iological population or external conditions) and root
ion cross the imaginary axis when such parameters are
f conjugated roots crosses the imaginary axis, one ex
f periodic solutions [2,3,5,6,7].

In the following we shall give a standard dynamic
alled Hopf bifurcation starting from a somewhat unusu
ill appear that, by choosing a space of forci;g funet
ain technical difficulties are avoided (which could a
egral equations and not with integro-differential equ
f-constants formula to construct a center manifold. O
anifold the flow is governed by an o.d.e. and so we a
ntimate relation between the direction of bifurcation
s to derive a formula for the direction in terms of c

roofs will be published elsewhere [3].
. PRELIMINARIES

In the following let @ be an open subset of R an
£ xR, into RT" such that:

(1) supp(B) is contained in Q@ x [0,1],
nxn

B

B(ii) for each u € Q, B(u,*) «€ LZ(R+ ;R ),

.ology often lead to

che hyperbolic case the
:d from the linearized
\:aracteristic equation
rters (describing the

l1e characteristic equa-
1[02,4,10]. When a pair

0o find the bifurcation

:ription of this so
(group construction. It
3 the state space, cer-
:cause we deal with in-
. We use a variation-
finite dimensional
‘amiliar grounds. The
:ability has motivated

»le quantities. Complete

} = B(u,1) be a mapping




3(iii) the mapping u H>f8 B(u,t)dt, 0 €
to NBV([0,1]; R™ ™).

k n n
irthermore, let g e C (@xR ;R ) be suc
g(i) g(u,x) = x + r(u,x),

g(ii) r(u,0) = 0, rx(u,O) = 0 and [rx(u,

1e condition on g guarantees that x = 0
1

2.1) x(t) = J B(u,t)g(u,x(t-1))dr.
0

1 the linear case, i.e. g(u,x) = x, the

E A is a zero of det A(u,A), where A is
1
-AT
2.2) A(u,\) =1 - J e B(u,t)dT.
0

> assume that det A(uo,iiw) = 0 for some
aristic function we express in HB(iv) a
non-resonance condition and in HB(vi) a
3(iv) There exist a column n-vector p #
(a) A(uo,iw)v = 0 implies v = cp f
(B) wa(n ,iw)
2 ° .
(V) q 5 Ausiw)p = 1.
(v) det A(uO,O) # 0 and det A(uo,iﬂw)

0 implies w = cq £

3

. 9 .
3(v1) q 5E-A(uo,1m)p # 0.

. DEFINITION OF THE SEMIGROUP

Following Miller [9] we define below
ions by means of translations of the sol

>rt we can choose as our state space

X={f e C(R_;R") | £(t) =0

HfHX = sup |f(t)]
[o,11]
1ich is, in some sense, as small as poss
lects that we want to study an autonomou
1e relation
t
x (1) = J B (1, D) g(u,x (t-1))dt
0
are xs(t) = x(s+t), t = 0. Note that S(s

3 an obvious way to return from the forc

k . .
.s a C -smooth (k>1) mapping of Q in-

1 < o,

>lution of

At . . .
bt oe is a solution if and only

iracteristic function

! and w > 0. In terms of the charac-
.on for simple eigenvalues, in HB(V)
rersality condition (see section 5).
1 row n-vector q # 0 such that

2 ce C,

rc e €,

€= 2,3,...

:tion of a semigroup on forcing func-—

Since the kernel B has bounded sup-

'his is an important point which re-
.em. We define, for s 2 0, S(s)f by
f(t).

.ndeed an element of X and that there

. n .
:a 1into R, the solution space:




a(S(s)f), where a is the bounded linear operator of X into ]fl defined by

£(0).

s)
)

‘EOREM 3.1. The mapping s & S(s)f defines a strongly continuous semigroup of con—

nuous (nonlinear) operators on X.

In the linear case (g(p,x) = x) the above semigroup consists of bounded linear

lerators and will be denoted by {T(s)}.
[EOREM 3.2. The infinitesimal generator A of {T(s)} is characterized by

2

D@A) = {feX | f'" eL” & £f'(s) + B(y,*)a(f) e X},

(Af) (t) = £'(t) + B(u,t)a(f).
ie closed operator A has compact resolvent and
o(A) = P (&) = {i | det A(u,A) =0},

ie last identity is a consequence of the fact that elements of X have bounded sup-
)rt. On account of HB(iv) a (finite!) number of eigenvalues of A are on the imag-
lary axis at p = Mo+ We decompose the state space X into X_ @ Xo ® X+; the cor-

:sponding projection operators are P_,PO and P . Both XO and X _ are finite dimen-
.onal spaces. On these subspaces T(s) can be extended to a (differentiable) group.

~ (X)) consists of those elements that decay under T(s) at p, exponentially with ex-

0
ment y,_ - € (y_t+e) as s > — = (s»»). Here

= inf{) € O(A)lRe(A) > 0}, y_ = sup{X ¢ O(A)lRe(A) < 0} and € is some small posi-
.ve number; Y, # 0, y_# 0. Xo consists of those eléments of X that are exponential-

r bounded under T(s) at My for s € R with exponent €.
, THE VARIATION-OF-CONSTANTS FORMULA

For fixed u, T(s)f is the Fréchet derivative of S(s)f at £ = 0. This follows

rom the variation-of-constants formula

s
bo1) S(s)f = T(s)f + J T(s=1)B(u,*)r(p,a(S(t)f))dr.

0
:re we use that T(s) extends to Lz—functions and that the integration with respect
> T produces a continuous function again. Let us denote S(s)f by F(s) and T at Ho
7 To. Formal differentiation of (3.1) yields

diﬁf) = AF(s) + B(u,)r(u,a(F(s))).




Using Theorem 3.2 we infer that

dF(s)
S

] = A},l F(s)+(B(u,')‘B(UO,'))g(U,Oi

(o}

Integrating again we find
s
(4.2) F(s) = T (s=0)F(0) + JTO(S—T){(B(u,-)
o
B(u,»-
This motivates

THEOREM 4.1. Let 0 € R and F(o) € X be given. L

solution of
(4.3) X, = B(u,*) * g(u,xg) + F(o).
Define F: [o,») > X by

X, = B(u, =) * glu,x ) + F(s).

Then F satisfies (4.2). Conversely i1f F: Lo,») -
satisfies (4.2) then x(s) = a(F(s)) satisfies (4

5. THE CENTER MANIFOLD

We are interested in small solutions of equ

propriate to study solutions of the modified equ

(5.1) x(t) = B(uO,T)x(t—T)dT +

{(B(uo,r)-B(u,T))E(u,X(t—T))

Oy = O—— —

where E and T are obtained from g and r by trunc
Equally well we may look for solutions of (ZTE)

by the truncated functions.

THEOREM 5.1. Fix n in the interval (O,min{-y_,y+

of o in Q@ and a continuous function C of Q, x X

1) C(w,9) = F (u,9) (0) where F*(u,) (s) is th
(@) PF (u,9)(0) = o, |

©® sup e IF Lo @1 < -,

seR

)+B(uo,°)r(u,u(F(S)))-

N eglu,a(F(t))) +

(F(1))) M.

0,®) >~ R" denote the unique

1 continuous function which

(2.1) and therefore it is ap-

)T (u,x(t-1)) }dr,

>utside a suitably small ball.
is (4.2) with g and r replaced

:re exist a neighbourhood QO
X such that
e solution of (ZTE) such that




i) a(F*(u,¢)), which is the corresponding solution of (5.1) is cK-smooth with re—
spect to (u,9). We will denote this solution by x*(u,¢).

ii) F (u,0) (s) = C(PO(F*(u,¢)(s))), the invariance property,

v) ImC Zs tangent to XO at zero for u = Moo Z.e. %%~(uo,0)w = 9.

MARK . HB(iii) includes situations where the delay is the parameter. This hypothesis
. s e . *x
too weak to guarantee the differentiability of the solution F 1in the state space,

t fortunately the solution in Bfl,x*, is differentiable.
HOPF BIFURCATION

All small periodic solutions (that exist for all time!) lie on the center mani-
1d. The flow on this finite dimensional manifold is governed by an o.d.e. Define

s) = POF*(u,¢)(s), then locally near zero we find

1 = ay(s) + B{BO,IBU_, ) g0,aC,y(s)) +

B(uo,-)r(u,ac(u,y(S)))}.

is known [3] that HB(iv)—(vi) represent a criterion for simple eigenvalues, satis-

ing a non-resonance and a transversality condition respectively.

EOREM 6.1. Assume k = 2. Then there exist C] functions u*(e),¢*(e),p*(e) with
lues in 2,X and R respectively and defined for e sufficiently small) such that
(0) =uy and p"(0) = 2n0” ' and such that x" (W (e),4" () = oL (), F G (o),
(e))(*)) Zs a p*(a)—periodic solution of the equation (2.1) with u = u*(s). More—
er, i1f x is any small periodic solution of this equation with u close to Mo and
riod close to an—l then p = u*(e), the perioé 8 é*(s) and modulo translation

= x*(u*(e),¢*(s)); u* and p* are even functions of e and

W), 0" (=e)) (1) = x" (W ()87 (e)) (t+1p ™ (e)) .

If we assume some more smoothness, i.e. k 2 3, we are able to derive a Taylor

pansion up to and including order two. Generically the expression below will not

nish and so determines the direction of bifurcation.

EOREM 6.2. Assume k > 3, then

¢
Re 1

u*(e) = ez + 0(82),

9 .
Re q SE-A(uo,lm)p

ere




a3r 2 -
c, = 1q —3 W00 ,p) +
9X
2 2
_] a -—
a2 1,0, (0,0 1) L L0y (p,p)) +
2 o o 2 o
X X
2 2
- N | ) 2
ba 2,00 (B, (A 52i) -1y 2T L0)pY) .
2 o o 2 o
X 9X

aally we state that the Principle of Exchange of Stability holds also in this case.

EOREM 6.3. Assume k > 3 and assume in addition that at u = ug

) X, = {03},

. 9 .
i) -q 5H'A(U0,lw)p > 0,

ii) *iw are the only eigenvalues on the imaginary axis,

v) Re c #0.

en the bifurcating periodic solution is asymptotically orbitally stable with asymp-—
tic phase i1f and only i1f u*(e) > 0 for small e > 0.
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